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Full-Potential Integral Solution for Transonic Flows with and
without Embedded Euler Domains

Osama A. Kandil* and Hong Hut
Old Dominion University, Norfolk, Virginia

Two methods are presented to solve transonic airfoil flow problems. The first method is based on the integral
equation solution of the full-potential equation in terms of the velocity field. A shock capturing-shock fitting scheme
has been developed. In the shock-fitting part of the scheme, shock panels are introduced at the shock location. The
shock panels are fitted by using the Rankine-Hugoniot relations. The second method is a coupling of the integral
solution of the full-potential equation with the pseudotime integration of Euler equations, which are used in a small
embedded region around the shock. This scheme is called the integral equation-embedded Euler scheme. The two
methods are applied to NACA 0012 and 64A010A airfoils over a wide range of Mach numbers, and the results are
in good agreement with the experimental data and other computational results. The schemes converge within a
number of iterations that is one order of magnitude less than the finite-difference schemes.

Introduction

N the finite-difference and finite-volume schemes, computa-

tion of transonic airfoil flow problems usually requires fine
grids and large computational domains whose outer boundary
usually extends 20-30 chord lengths away from the airfoil sur-
face. The far-field boundary conditions are enforced on this
boundary through a special process where a certain part of the
boundary is treated as an inflow boundary, whereas the other
part is treated as an outflow boundary. Conservative or non-
conservative forms of the governing equations, which represent
different levels of approximations, are solved by using relax-
ation schemes or pseudotime marching schemes to obtain the
steady flow solution. Convergence is obtained within a number
of iterations or time steps, which is typically of order of 1000.
Using different levels of approximations, inviscid computa-
tional schemes have been developed. These schemes are based
on the transonic small perturbation (TSP) equation,}? full-
potential (FP) equation,®™ and Euler equations.® Large com-
puter memory is usually needed to handle the large number of
grid points and the associated flow variables, and large. CPU
time is used to obtain converged solutions.

For flows with weak shocks, the potential equation that as-
sumes irrotational isentropic flows can satisfactorily be used to
solve for these flows, since the entropy increase.across the
shocks and vorticity production behind the shocks are small,
and their effects are of high order. For strong shocks, the irro-
tational and isentropic flow assumptions are invalid, and one
cannot use the potential flow equations across or behind the
shocks. For these flows, one has to correct the potential equa-
tions in order to account for the entropy jump across the shock
wave. Methods of this type have been developed by Hafez and
Lovell,” Fuglsang and Williams,® and Whitlow et al.® Alterna-
tively, one needs to use the computationally relatively expen-
sive Euler equations.

The integral equation (IE) solution of the potential equation
represents an alternative to the finite-difference and finite-ele-

Received June 1, 1987; revision received Dec. 15, 1987. Copyright ©
American Institute of Aeronautics and Astronautics, Inc., 1988. All
rights reserved.

*Professor, Department of Mechanical Engineering and Mechanics.
Associate Fellow AIAA.

tResearch Assistant, Department of Mechanical Engineering and
Mechanics. Member AIAA.

ment methods for solving transonic airfoil flow problems. The
IE solution has several advantages in comparison with the
finite-difference solution. With the IE formulation (IEF), the
far-field boundary conditions are automatically satisfied, and
only a small computational .domain is needed around the
source of disturbance. Moreover, the accuracy of the method
depends on the evaluation of integrals rather than derivatives,
and hence coarse grids can be used within the small computa-
tional domain. Because of the obvious advantages of the meth-
ods that are based on the IEF, it is highly desirable to develop
these methods fully and extend them to treat transonic flows
over a wide range of Mach numbers. ]

Computational schemes that are based on the IE formula-
tion have recently been developed by several investigators.
Piers and Sloof’® and Tseng and Morino!! have developed IE
schemes. for the TSP equation, while Kandil and Yates,!? Os-
kam,!* Erickson and Strande,'* Sinclair,’* and Kandil and
Hu'® have developed IE schemes for the FP equation. Since the
potential equation cannot accurately treat flows with strong
shocks, the IE schemes for the FP equation must be modified
to accurately treat flows with strong shocks.

In this paper we present two methods to solve for the tran-
sonic airfoil flow problems that are based on the IE solution
only or on the IE solution with small embedded Euler-domain
solution. The latter method can -efficiently treat flows with
strong shocks. For the former method, a shock capturing-
shock fitting (SCSF) scheme is developed, whereas for the lat-
ter method an integral equation-embedded Euler (IEEE)
scheme is developed. The SCSF scheme takes about 20-30
iterations for convergence, whereas the IEE scheme takes
about 10 IE iterations and a few hundred of Euler equations
iterations (over a very small computational domain) for con-
vergence. The methods are applied to NACA 0012 and
64A010A airfoils over a wide range of Mach numbers. The
results are in good agreement with the experimental data and
other results that were obtained by using finite-difference and
finite-volume methods with TSP, FP, and Euler equations.

Formulation

Full-Potential Equation

The dimensional equations of the two-dimensional, steady
potential flow around an airfoil are given by

o, +®,=G H
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G =(~1/p) (00, +,D,) )
p=[1+G —1DML(1— Q2 — 0D (3)

where @ is the total velocity potential, p the density, M, the
freestream Mach number, y the ratio of specific heats, and the
subscripts x and y refer to the derivatives. It should be noted
that G represents the total compressibility in the flow. The
characteristic parameters are the freestream velocity U, den-
sity po,, and the airfoil chord length /.

The boundary conditions on the airfoil g, away from g, and
at the trailing edge TE are given by

VO - A=0 on g(x,y) =0 4
Vb e, away from g (5
AC, g =0 (6)

where /i = Vg/|Vg|, &, is a unit vector parallel to U, and AC,
is the pressure jump. The pressure coefficient is given by

¥
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The formal solution of Eq. (1) in terms of the velocity field VO
with explicit contribution of the shock surface S is obtained as
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where ¢, and y, are the airfoil surface distribution of sources
and vorticity, respectively, and gy is the source strength of the
shock surface. It should be noted that the last integral term on
the right is used only for the shock-fitting part of the SCSF
scheme. This term is included in the field integral term (third
term on the right) and requires a very fine grid to obtain its
effect. Since we use a relatively coarse grid, this term cannot
fully have its effect in the shock-capturing part of the SCSF
scheme. Therefore, in the shock-fitting part, we explicitly ex-
tract this term from the third integral and express it by the
fourth integral to obtain its full accurate contribution.

For the shock fitting, we use the following equations of the
Rankine-Hugoniot relations to determine the shock-segments
strength g, orientation 5, and the flow properties p,, ¥>,, and
V,, behind the shock.
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Fig. 1 Integral equation grid without and with an embedded-Euler
domain.

where

y—1 y—1

M, =M., [VO|, / P2, My, =M VO, i / p > (14)

In Egs. (9-14), the subscripts 1 and 2 refer to the conditions
ahead and behind the shock, respectively, while # and ¢ refer to
the normal and tangential directions to the shock surface S,
respectively, and 6 is the relative direction of the flow behind
the shock to that ahead of the shock.

Euler Equations

For strong shocks, an embedded computational domain is
constructed around the shock that has been found by using the
shock-capturing part of the SCSF scheme. With the boundary
and initial conditions found from the integral solution, the
unsteady conservative form of the Euler equations are solved in
this limited domain using a pseudotime marching. The dimen-
sionless conservative form of these equations is given by

o9 O OF_ (15)
at  ox  dy

where the flowfield vector § and the flux components E and F
are given by

q =[p.pu,pv,pel’ (16)

E = [pu,pu® + p,puv,puh)’ (17)
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F = [pv,puv,pv® + p,pvh)’ (18)

The total energy and enthalpy per unit mass are given by

e=[p/ty +Dpl + W +v3)/2,  h=e+plp (19
Since we are interested in the steady flow solution only, the
energy equation [last elements in Eqgs. (16-18)], which is a
differential equation, is replaced by the algebraic steady form
that states that the total enthalpy is constant. Hence, the en-
ergy equation is replaced by

p=@MIUMEL + @ — D1 —u?—0)/2] (20)

Method of Solution

The airfoil surface is divided into small straight segments
that are called surface or boundary panels. On each surface
panel a piecewise linear distribution of two-dimensional
sources and/or vorticity (g,.y,) is defined in terms of local coor-
dinates and their nodal values. A rectangler computational
domain, which is divided into rectangular field elements, is
constructed around the airfoil. The field elements adjacent to
the airfoil surface are of trapezoidal shape. On each field ele-
ment, a constant source distribution G is defined. The cen-
troidal value of G represents the G value for the field element.
Figure 1a shows a typical grid for transonic calculations using
the SCSF scheme.

Shock Capturing-Shock Fitting Scheme

The basic differences between the incompressible integral
equation solution and the transonic integral equation solution
are the additional third and fourth integral terms of Eq. (8). In
the shock-capturing part of the scheme, the fourth integral
term is dropped, whereas in the shock-fitting part of the scheme
this term is taken into account and is not considered in the
third integral expression. This process is accomplished as fol-
lows. If a captured segment of a shock is inside a field element,
the element is split into two subelements along the shock-seg-
ment boundary, where the fourth integral of Eq. (8) is used to
determine the contribution of the shock segments. The third
integral of Eq. (8) is used to determine the contributions of the
two subelements.

The SCSF scheme is an iterative scheme due to the nonlin-
earity of the third and fourth integral terms. The iterative
scheme is described below.

Setting G = 0 and g5 =0, Eq. (8) is used through a standard
panel computation to obtain g, and/or y,. Initial values of G
are calculated at the centroids of the field elements by using the
linear compressibility relation G = M% u,, where u, is the x
derivative of the x component of the velocity. It should be
noted here that throughout the computational schemes, the
centroidal value of G represents the G value for the field ele-
ment. Equation (8) is then used to enforce the surface
boundary condition and Kutta condition, Eqs. (4) and (6),
respectively. The resulting set of equations are solved to find
new ¢, and/or y,. Next, the nonlinear compressibility G and
density p are calculated by using Eqgs. (2) and (3). A type-
difference expression is used to calculate p, and p,, depending
on the type of the centroidal point-subsonic or supersonic.
Once the G values are obtained, the surface boundary condi-
tion and the Kuita condition are satisfied again. The iterative
procedure is continued until the shock location is fixed. This is
the shock-capturing part of the scheme. It is a two-dimensional
application of the shock-capturing scheme by Kandil and
Yates.'?

Shock panels are then introduced at the shock location, the
fourth integral term of Eq. (8) is now taken into account, Egs.
(9) and (10) are used to calculate g, and 8, and Eqs. (10-13) are
used to cross the shock panel. The iterative procedure is contin-
ued as before with the exception of dealing with the shock
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panels as explained. Shock location and shape are allowed to
vary during the iterative procedure. Convergence is achieved
once the surface pressure converges. This is the shock-fitting
part of the scheme.

Integral Equation-Embedded Euler Scheme

In this scheme the shock-capturing part of the SCSF scheme
is used to locate the shock. Once the shock is captured, a fine
grid is constructed within a small computational domain
around the shock where a finite-volume Euler scheme is used.
Figure 1b shows a typical grid with the embedded Euler do-
main. The basic finite-volume equation is obtained by integrat-
ing Eq. (15) over x and y to obtain

fj%dA +§(Edy +Fdx)=0 2n

Equation (21) is then applied to each cell of the embedded grid
of the Euler domain. The resulting difference equation is

a 4
<6—3> Ad,+ Y (EAy, + FAx) =0 (22)
ij r=1

where A4 is the cell area, r refers to the cell-side number, and
the integer subscripts 7 and j refer to the centroidal values. The
Euler solver is a central-difference finite-volume method that
used four-stage Runge-Kutta time stepping with explicit sec-
ond- and fourth-order dissipation terms."”

The boundary and initial conditions for the Euler domain
are obtained from the integral equation solution. They are
interpolated on the Euler domain grid. The Euler solver is then
used to capture the shock and calculate the flowfield vector g.
Fixing the ¢ values of the Euler domain, the IE calculation is
used to update the boundary conditions for the Euler domain.
The iterative procedure is repeated until convergence is
achieved.

Since Euler equations do not assume isentropic flow, and
hence entropy increase and vorticity production develop at the
shock, one has to extract the vorticity from the flow at the
downstream boundary of the Euler domain. This is accom-
plished as follows. During the solution of Euler equations in its
domain, the downstream boundary condition is updated.
When the IE solution is performed, an overlap region between
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Fig. 2 Effect of the computational domain size, surface vortex panels,
NACA 0012, M, = 0.72, « =0°.
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Fig. 4 Comparisons of IE solution with surface vortex panels and sur-
face source panels with Euler solution, NACA 0012, M = 0.72, a = 0°.

Euler equation domain and the IE domain is created, where the
IE solution is also used.

Numerical Examples

Shock-Free Flows

The first step to validate the computer program is to check
the sensitivity of the IE solution to the size of the computa-
tional domain. Figure 2 shows the solutions for the NACA
0012 airfoil at M, = 0.72 and o = 0° using vortex panels only
on the airfoil surface. We used a total of 140 vortex panels on

Fig. 5 Shock-capturing vs SCSF scheme, NACA 0012, M =0.8,
a=0°

the airfoil surface and 64 x 60 ficld elements in a computa-
tional region around the airfoil. The solutions show the surface
pressure using two sizes of the computational domains: 2 x 1.5
and 3 x 2.5 (a unit length represents the chord length). In Fig.
3 we repeat the same test for a lifting case of the same airfoil at
M_, =0.63 and a = 0°. The results of these two cases show that
a computational domain of 2 x 1.5 gives as accurate solutions
as those of the 3 x 2.5 computational domain. A computa-
tional region of 3 x 2.5 with 80 x 80 field elements was also
used, and the results did not show appreciable changes from
those of the 2 x 1.5 and 64 x 60 case.

The second numerical test is aimed at comparing the results
of the IE solution using vortex panels only and source panels
only with the solution of Euler equations. Figure 4 shows the
results of this test for the NACA 0012 airfoil at M, = 0.7 and
o =0° The computational domain is 2 x 1.5, and the same
numbers of surface panels and field elements as those of Fig. 2
have been used: It is clear that the IE solution with surface
vortex panels is superior to that of the source panels. A typical
case of shock-free flows requires about six iterations for con-
vergence of the surface pressure.

As a result of these numerical tests, it is decided to use a
computational domain of 2 x 1.5 for the other computations
with the exception of the cases with strong shocks, where the
computational domain was as large as 3 x 4.

Since the third integral term of Eq. (8) is computationally
expensive, its computation with constant G distribution has
been restricted to the near-field computation. For the far-field
computation, this term is replaced by the equivalent lumped
source term at its centroid. With sufficient accuracy, it has been
computationally determined that the near-field distance from
the centroid is <0.5.

Transonic Flows

First, we present a numerical test case to show the effect of
introducing the shock panels and their fitting as explained ear-
lier. Figure 5 shows a comparison between the shock-capturing
results and the SCSF scheme results for the NACA 0012 airfoil
at M =0.8 and « =0° It is clear that the SCSF scheme
sharpens the shock, as expected, with this relatively coarse grid.
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Next, we compare the SCSF scheme with the experimental data
and other computational results. Figure 6 shows the results of
the SCSF scheme for NACA 0012, M, = 0.8 and « = 0°, along
with comparisons with the computational results of Garabe-
dian et al.,'® and the experimental data taken from Ref. 19. The
SCSF results slightly underpredict the experimental data in the
supersonic region and at the shock. The SCSF scheme took 12
iteration cycles of shock capturing (SC) and 13 cycles of shock
fitting (SF) to achieve convergence.

Figure 7 shows the results of the IEEE scheme for the same
case along with a comparison with the computational results of
Jameson,®> who also used the finite-volume Euler scheme with
four-stage Runge-Kutta time stepping. In the present IEEE
scheme, the embedded Euler domain has a size of 0.5 x 0.6
around the shock region with a grid of 25 x 30. This case took
10 iteration cycles of SC, 250 times cycles of Euler iterations to
achieve a residual error of 1073, and 5 IE cycles to update the
Euler domain boundary conditions. The IEEE results predict
stronger shock as compared with the experimental data of Fig.
6, typical of Euler results. Also, the IEEE scheme overpredicts
the pressure behind the shock as compared to Jameson’s Euler
results. This may be attributed to the short overlap between the
Euler domain and the IE domain.

Figures 8 and 9 show the results of the SCSF and IEEE
schemes for NACA 64A010A, M =0.796 and « = 0° along
with comparisons with the computational results of Edwards et
al.,> who used the TSP equation, and the experimental data
taken from Ref. 2. With the SCSF scheme, the numbers of SC
and SF iteration cycles to achieve convergence are the same as
those of the case presented in Fig. 6. With the IEEE scheme,
the embedded Euler domain has a size of 0.7 x 0.6 with a grid
size of 35 x 30. This case, Fig. 9, took 10 iteration cycles of SC,
130 time cycles of Euler iterations to achieve a residual error of
103, and 3 IE cycles to update the Euler domain boundary
conditions. Again, it is observed that the SCSF scheme predicts
a slightly weaker shock than the experimental data, whereas
the IEEE scheme predicts a slightly stronger shock than the
experimental data.
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Figures 10 and 11 show the results of SCSF and IEEE
schemes for the lifting case of NACA 0012, M, =0.75 and
a = 2°, along with the computational results of Steger and Lo-
max,? and the experimental data taken from the same refer-
ence. The size of the grids and the number of iteration cycles
used to achieve convergence are the same as those of the cases
given in Figs. 6 and 7. In the supersonic region, both the SCSF
and IEEE schemes slightly underpredict the surface pressure of
the experimental data.

For stronger shocks than those considered above, the IE
computational domain is extended in the longitudinal and lat-
eral directions, and so is the embedded Euler computational
domain. The Euler domain is extended beyond the trailing edge
to allow for the vorticity to be shed downstream, where the
overlapping region with the IE equation exists. Figure 12
shows a typical computational domain with details of the em-
bedded Euler domain.
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Next, we show the results of the IEEE scheme for cases of
strong shocks.

Figure 13 shows the results of the IEEE for NACA 0012,
M, =0.812 and o = 0° along with the experimental data of
Ref. 18. In Fig. 14 the results of the IEEE for NACA 0012,
M_, =0.82 and a = 0°, are shown along with the three-dimen-
sional solution at the wing root chord of Tseng and Morino,"!
who use the IE for the TSP, and the experimental results of
Ref. 20. The size of the embedded Euler domain for these cases
is 0.8 x 0.8, and its grid size is 40 x 40.

Figure 15 shows the results of the IEEE for NACA 0012,
M, =0.84 and « = 0°, along with comparisons with the non-
isentropic FP solution of Whitlow et al.,’ and the Euler equa-
tions solution Jameson.® The size of the embedded Euler
domain for this case is 1.5 x 1.0, and its grid size is 60 x 40.
This case took 10 IE iterations 300 time cycles of Euler itera-
tions, and 3 IE cycles to update the Euler domain boundary
conditions.

On the CYBER-185 computer at the NASA Langley Re-
search Center, for 65 x 60 field panels an IE iteration cycle
takes about 200 CPU seconds. For 25 x 30 cells an Euler cycle
takes about 2 CPU seconds on the same computer.

Concluding Remarks

Two computational methods, which are based on the inte-
gral equation solution of the full-potential equation, have been
presented. In the first method, a shock capturing-shock fitting
scheme has been developed, while in the second method, an
integral equation-embedded Euler scheme has been developed.
The SCSF scheme consists of two parts: a shock-capturing part
where the shock is captured through an iterative procedure
using the integral solution, and a shock-fitting part where
shock panels are fitted by using the Rankine-Hugoniot rela-
tions. The IEEE scheme couples the shock-capturing part of
the SCSF scheme with an embedded region where Euler equa-
tions are integrated in pseudotime marching. The Euler solver
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is a central-difference finite-volume scheme with four-stage
Runge-Kutta time stepping.

The two schemes are applied to several transonic airfoil
flows; the results have been compared with numerous compu-
tational results and with experimental data, and they are in
good agreement. The two schemes are nevertheless efficient in
terms of the number of iterations, as compared to the other
existing schemes that use finite-difference or finite-volume
methods throughout large computational domains with fine
grids. If the influence coefficients of the field elements are
stored in the core memory of the computer, the computational
time of the IE cycle can substantially be reduced, since the
field-elements calculations represent about 80% of the compu-
tational time per iteration cycle. The SCSF scheme is restricted
to flows with weak shocks, whereas the IEEE scheme can
handle strong shocks.

Currently, pseudotime integration and time-accurate inte-
gration of the integral equation solution are tested with and
without embedded Euler domains. The idea here is to enforce
hyperbolicity in the integral equation through the time-march-
ing procedure.
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